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1. Introduction. First, we briefly explain the Stark-Shintani conjecture. Let F be a real quadratic field and H(f) (resp. K(f)) the narrow ray class group (resp. the narrow ray class field) of F modulo f, where f is an integral ideal of F . Let M be an abelian extension of F such that exactly one infinite prime of F (corresponding to the prescribed embedding into the real number field R) splits in M . Let f be the conductor of M over F and ν a totally positive integer of F with the property that ν + 1 ∈ f and denote by the same letter ν the narrow ray class modulo f represented by (ν). We know that M is a quadratic extension of the maximal totally real subfield M + of M and that the Galois group Gal(M/M + ) is generated by σ(ν), where σ : H(f) → Gal(K(f)/F ) denotes the Artin map.
We define the Stark-Shintani ray class invariants by
Conjecture. There exists a positive integer m such that:
Shintani proved that the conjecture is true when M + is an abelian extension over Q (cf. [7, Theorem 2] ).
Let p be an odd prime, M ∞ the cyclotomic Z p -extension of M , and M n the n-th layer of M ∞ /M , that is, M n is the unique cyclic extension field over M of degree p n which is contained in M ∞ . Arakawa pointed out that if M + is an abelian extension over Q, the conjecture is true for all M n , and he also gave the class number formula in terms of these units (cf. [1] ).
In this paper, we assume that M and p satisfy the following two conditions (P) and (D):
(P) The Stark-Shintani conjecture holds for all M n . Namely, for each n there exists an integer
for all c, c ∈ H(f n ), where f n is the conductor of M n and G n is the subgroup of H(f n ) which corresponds to M n . Moreover, t(n) is prime to p for each n. Under conditions (P) and (D), we let E n be the full unit group of M n and C n the subgroup of E n generated by
where ν n is an element of H(f n )/G n which corresponds to the generator of Gal(M n /M + n ) by class field theory, we see that C n ⊂ E − n . Then by Arakawa's class number formula which we recall later, we can see that C n has a finite index in E − n . Our main theorem in this paper is the following:
Main Theorem. Let F be a real quadratic field and M an abelian extension over F in which exactly one infinite prime of F corresponding to the prescribed embedding of F into R splits. Suppose that M and p satisfy conditions (P) and (D). Let A n be a Sylow p-subgroup of the ideal class group of M n and A Remark. This theorem is an analogue to Ozaki's result for the cyclotomic Z p -extension and the cyclotomic units of real abelian fields (cf. [6] ).
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Properties of Stark-Shintani units. Nakagawa dealt in
For any character χ of H(f n )/G n with χ(ν n ) = −1, we know that
where L F (s, χ) is the Hecke L-function of F associated to χ. Let f χ be the conductor of χ and χ the primitive character associated to χ. Then we have the equality
Under assumption (D), we know that χ(p) = −1 for every p such that p | f n and p f χ . Using the same method as in [1] or [5] , we have another version of Arakawa's class number formula.
Theorem 1 (cf. [5, Theorem 1]). Assume that M and p satisfy conditions (P) and (D). Let h(M
Moreover, Nakagawa showed the following:
Proof of the main theorem.
We fix an odd prime p. Let I n (resp. P n ) be the ideal group (resp. the principal ideal group) of M n and A n a Sylow p-subgroup of the ideal class group of M n . We identify all σ(ν n ) and write this as τ . For any Gal(
be the subgroup of I n such that
Since p is odd, we find that
Moreover, we put
which is a subgroup of P − n . Lemma 1. For any non-negative integer n,
(ii) the following sequence is exact: 
Proof. 
Since p is prime to 2, we have
This completes the proof of (i).
(ii) Taking the cohomology groups of the exact sequence of Lemma 1(ii), we have the exact sequence
From this (ii) follows.
Taking the p-part of the cohomology of the exact sequence which satisfy the assumptions of the main theorem. The author has found some such examples. Let F = Q( √ 6), M = F ( 6 + 20 √ 6) and p = 3. Then p does not split in M . Since M is a quadratic extension over F , assumptions (P) and (D) are satisfied. By using KASH, we see that the class number of M is 6 and that of M 1 is 24. Then by Theorem 1 of [2] , |A n | = |A − n | is bounded. By the same method, we find that the case of F = Q( √ 2) and M = F ( 5 + 13 √ 2) also satisfies the assumptions of the main theorem for p = 3.
